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In this paper we present an appreciable simplification of the proof of an impor- 
tant result of Barry Mazur. 
Let K be a finite extension of Q, with residue class field k. Let A be a d-dimen- 
sional Abelian variety over K with good ordinary reduction and let u be a twist 
matrix of A (the precise definition of u will be given in Section 1). Suppose L 
is a totally ramified &-extension of K and let M&A(L) be the intersection of 
the groups NKnlKA(Kn) h w ere KC K, CL and [K, : K] = p”. Then we have 
an exact sequence 
This is Mazur’s Proposition 4.39 in [l]. 
As a consequence of our approach we can give a quick proof of the following 
result about torsion points. Suppose 4, E K and that L/K is the cyclotomic 
i&-extension. Then the p-power torsion of A(L) is finite of order less than or 
equal to pt+s, where pl = card A(k), and s = ord, det(1 - u). 
Our method of proof is to reduce the question first to a problem about formal 
groups and then to the consideration of a certain Galois module. Our approach 
avoids the use of class field theory and the theory of pro-algebraic groups and 
may thus be considered “elementary.” 
1. PRELIMINARIES 
When E/K is either an algebraic extension of K or the completion of one we 
will denote by O(E) the ring of integers of E, by d(E) the maximal ideal of 
Q(E), by *(E) th e units and by @l(E) the principal units of Q(E), by ‘B(E). 
Let T denote the completion of the maximal unramified extension of K and 
+ the K-Frobenius automorphism of T: if Q = card R then +((a) = & mod d(T) 
for all a E B(T). 
* Both authors’ research was supported by National Science Foundation Grant No. 
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The multiplicative formal group 6, is given by x + y + xy so that 
I&(O(E)) M @l(E). If F is a d-dimensional formal group over O(K) we say that 
F is toroidal if F is isomorphic to &,d over O(T). 
1ff:F-t u&d is an isomorphism over O(T), there is another, fQ, obtained 
by applying + to the coefficients of the power series describing f. Then f * 0 f-l 
is an automorphism of Gmd and thus corresponds in a natural way to a non- 
singular d x d matrix u over Z, (since End,(r,(&) m Endzo(&,) M Z,). 
This matrix is called a twist matrix of F. Any two such will be similar. 
Now suppose that L/K is a totally ramified Galois extension and that F 
is toroidal. Extend 4 to LT by defining it to be the identity on L. Finally, let 
u be a twist matrix of F. 
DEFINITION. V(L) = V,(L) = {CY E W(LT)d : ore’ = c?‘}. 
Here + acts diagonally on OL and u acts in the obvious way. The elements of 
G(L/K) commute with the action of + and thus V(L) is a G(L/K) module. 
The significance of V(L) can be seen from the following lemma which is the 
key to our proof. 
LEMMA. F(O(L)) R+ V(L) as G(L/K) modules. 
Proof. Let f: F + Gmd be an isomorphism over O(T) such that f 6 of-l = u. 
Then f induces a group isomorphism fromF(O(LT))to 4?P(LT)d.Let ~EF(Q(LT)). 
Then fl E F(Q(L)) if and only if /3* = /I. Now if /P = /3 then f Oq)6 = f d(p”) =
f*(p) = f (j)u. Thus /3 EF(O(L)) implies f (/?) E V(L). Similarly if f (/3) E V(L) 
then /I E F(B(L)). 
We can now state our main theorem. The proof will be given in Section 2. 
THEOREM 1. If L/K is a jinite totally rami$ed p-extension and G = G(L/K) 
then 
Vu(K)/JYt,,Vu(L) M (G”b)d/(I - u)(G”~)~. 
We now show how Theorem 1 implies the result of Mazur mentioned in the 
introduction. 
Let A be a d-dimensional Abelian veriety over K with good ordinary reduction. 
Then it is known (see [I]) that the formal group of A, A, is toroidal. 
Consider the exact sequence (0) -+ a(O(L)) -+ A(B(L)) = A(L) -+ A(k) + (0). 
If [L: K] = pm we deduce: 
is exact. By the lemma, &O(L)) m V,(L) where u is a twist matrix of A. It 
is now clear that Theorem 1 together with an obvious limit argument yields 
Mazur’s result. 
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2. THE PROOF OF THEOREM 1 
We set E = LT. The following diagram is useful: 
E =- LT 
/\ 
T L 
\/ 
K 
Notice G(E/T) w G(L/K) = G; and G(E/L) = G(T/K) is topologically 
generated by 4. 
LEMMA 1. E* is cohomologically trivial as a G module. 
Pm-f. Let H C G be a subgroup. Then W(H, E*) = (0) by H&et-t’s 
Theorem 90. Also l?O(H, E*) = 0 since the norm map is onto for a totally 
ramified extension of local fields with algebraically closed residue class fields 
(see [2, Chap. 51). S ince the cohomology groups vanish in two successive 
dimensions and for all subgroups the result follows. 
LEMMA 2. There is an exact sequence 
(1) + Gab --+ W(E)/Z,W(E) + ‘W(T) -+ (1) 
where Ic is the kernel of the augmentation mapfiom Z[Gl to Z. 
Proof. From (1) + ‘S(E) 4 E* -+ Z --t (1) and Lemma 1 we deduce that 
H-2(G, 2) M H-l(G, e(E)). Xow, H-?(G, Z) w Gab and H--‘(G, Q(E)) e 
/B(E)/I&(E). Using the surjectivity ofthe norm once again, we have an exact 
sequence 
(1) + Gab 4 @(E)/I&(E) --, ‘i?(T) -+ (1). 
It remains to replace %Y by W. 
Consider (1) + W(E) 4 %(E) + k* --f (1) where k IS the algebraic closure 
of k. Since 6 is uniquely p-divisible, Hm(G, k*) == (0) for all m, and so 
fim(G, Q(E)) = I@(G, ‘W(E)) f or all m. For m = 0 this shows that the norm 
maps W(E) onto ‘W(T). E ‘or m = -1 we obtain &!Y(E)/I,%(E) m 
dW(E)/I,Q1(E). This finishes the proof. 
LEMMA 3. + - Y is an domorphism of 4V1(E)d and thefolZowing two sequences 
are exact 
(1) -+ V(L) -+ 4Y’(E)d d--uL W(E)d + (l), 
(1) + V(K)-+ @“(T)d % W(T)d --+ (1). 
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Proof. Everything is clear except the surjectivity of+ - I(. Since the standard 
f&ration of 5?/*(E)” is preserved by 4 - u it is only necessary to check that the 
induced map 0 on Kd is onto. Well, @ is additive of degree q = card k, and has 
constant Jacobian matrix --P which is invertible. Thus, 0 is finite-to-one and 
its natural extension to a map from P(h) to Pd(K) must be onto. One checks 
easily that the points at infinity go to points at infinity and so @ itself must be 
onto. (Notice that all this is trivial when d = 1.) 
To prove Theorem 1 we first show that the diagram below is commutative 
and exact. The theorem will then follow from the Snake lemma. 
(1) (1) 
1 1 
(1) + (Gd)d -+ W(E)d/ZGW(E)d 5 W(T)” + (1) 
1 
I-u 
1 
d-u i 4-u (I) + (G”b)d + 4P(E)d/Z,W(E)d A W(T)d + (I) 
1 1 
(1) (1) 
Lemma 2 says that the bottom two rows are exact, and Lemma 3 says the 
right hand columns are exact. Since + - u commutes with the elements of G, 
4 - u and K commute. Thus we need only show that 
(G”b)d -+ W(E)“/Z,W(E)’ 
I I-u 1 Q-u 
(Go*)~ + W(E)~Z,W(E)d 
is a commutative square. 
For ease of notation we give the argument when d = I. The general case is 
formally the same. 
Let r be a prime element of L. Since E/L is unramified, r is also a prune 
element of E. The map from G& to W(E)/Z,W(E) is given by the rule: y goes 
to the coset of +‘--l. Therefore, we have to show (+‘-t)Q-u = &“-1 multipli- 
catively modulo Z&r(E). 
Since 4 operates trivially on L, (7r-1)Q-u = (rr-l)l-u. Thus it will be enough 
to show that for every integer n we have (r~-l)~ = +‘“--l multiplicatively modulo 
Z,@(E). This, however, is obvious from the fact that the map GO* + 
W(E)/Z,W(E) is a homomorphism. 
The proof is now complete. 
481/52/r-16 
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3. TORSIOIV POINTS 
We continue to assume that K is a finite extension of Q, with residue class 
field k. 
THEOREM 2. Suppose 5, E K, and let L be the cyclotomic Z, extension of K. 
Let A be an Abelian variety over K with good ordinary reduction. Then the p-torsion 
of A(L) isfinite and bounded byp t+s wherep’ = card A(k)p ands = ord, det(1 - u). 
Proof. Consider the exact sequence 
(1) -+ &V(L)) + A(L) + A(k) -+ (1). 
By the lemma of Section I, A(O(L)) m V(L) as G s Z, modules. The group 
of all p-power roots of 1, p( p”), is the torsion subgroup of @l(E), and since 
p( pm) CL we see that 4 acts trivially on I*( p”). Putting these remarks together 
we see that the torsion in A(O(L)) can be identified with the kernel of I - u 
acting on p( pa)“. The order of this group is pa where s = ord, det(l - u). 
To finish the proof we must show det(1 - u) $; 0. Consider g(x) =- 
det(xl - U) E E,[x]. Let f (x) be the characteristic polynomial of the k-Frobenius 
automorphism of the reduced variety A x k. It is known that g(x) divides 
f(x) in Z,[x]. In particular g(1) = det(l - U) is a p-adic divisor off (1). Now 
f(I) = card A(k) and so is a non-zero integer. Thus g( 1) :,6 0. 
COROLLARY. Let K,, be an algebraic number field and L = (J,, K,,(&). Let A 
range through the set of Abelian varieties of dimension d, &fined wet K,, , and having 
good ordinary reduction at some prime of Ko above p. Then there is a unaform upper 
bound on card A(L)tors , the torsion subgroup of A(L). 
Proof. Let K --. K&&J. Then L/K is a totally ramified at every prime of K 
above p. The proof of the corollary can now be reduced to the local situation 
considered in the theorem. 
Let P be a prime of K lying above p at which A has good ordinary reduction, 
and 9 the unique prime of L lying above P. Then card A(L),,, < 
card A(Lg)tors < card A(O;(L,)),,, x card A(k) (here k = residue class field 
at P). Now, the proof of the theorem shows that card A(O(LP))~, < 
perdJ(i) ,( card A(k). Thus card A(L)u,r, < [card A(k)12. There are only 
finitely many residue class fields k to consider. Let 4 be the size of the largest. 
Then card A(k) < qd+i and so card A(L)tors < q2d+2. A much better bound can 
be obtained by using the congruence Riemann Hypothesis. 
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